Abstract. We disprove, by means of numerical examples,
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Generalities
In 1980, Y. Kida [Ki] proved an analogue of the Riemann-Hurwitz formula for the minus part of the Iwasawa λ-invariant of the cyclotomic Z p -extension k ∞ of an algebraic number field k of CM-type with maximal totally real subfield k + :
where K/k is a finite p-extension of CM-fields containing the group µ p of pth roots of unity and where e v denotes the ramification index of the place v. When K/k is p-ramified (i.e., unramified outside p) and such that K ∩ k ∞ = k the formula reduces to:
Many generalizations where given as in [JaMa] , [JaMi] , [Sch] , among many others. An interesting question is to ask if such a formula can be valid for the p-ranks of the relative ideal class groups in a p-extension K/k (e.g. K/k cyclic of degree p).
In a work, using Iwasawa theory and published in 1996 by K. Wingberg [W] , such a formula is proposed (Theorem 2.1, Corollary 2.2) in a very general framwork and applied to the case of a p-ramified p-extension K/k of CM-fields containing µ p .
As many people remarked, we can be astonished by a result which is not really "arithmetical" since many of our class groups investigations (as in [Gr2] , [Gr3] ) show that such a "regularity" only happens at infinity (Iwasawa theory). The proof of Kida's formula given by W. Sinnott [Sin] , using p-adic L-functions, is probably the most appropriate to see the transition from one aspect to the other.
Indeed, to find a relation between the p-ranks (for instance in a cyclic extension K/k of degree p) depends for G := Gal(K/k) =: σ on non obvious structures of finite Z p [G]-modules M provided with an arithmetical norm N K/k and a transfert map j K/k (with j K/k • N K/k = 1 + σ + . . . + σ p−1 ), where the filtration of the
plays an important non-algebraic role because all the orders #(M i+1 /M i ) depend on arithmetical local normic computations by means of formulas, given in [Gr2] , similar to that of the case i = 0 of ambiguous ideal classes (see Section 3).
To be more convincing, we have given numerical computations and we shall see that it is not difficult to conjecture that there are infinitely many counterexamples to a formula, for the relative p-ranks, such as r
wich may be true in some cases.
A numerical counterexample
Using PARI (from [P] ), we give a program which can be used by the reader to compute easily for the case p = 3 in a biquadratique field containing a primitive 3th root of unity j, and such that its 3-class group is of order 3.
2.1. Definition and assumptions. Consider the following diagram:
We recall, in this particular context, the hypothesis of the statement of Corollary 2.2 (ii) of [W] and we shall suppose these conditions satisfied in all the sequel. For any field F , let Cℓ F be its 3-class group and let Cℓ ± F be its two usual components when F is a CM-field. We denote by H F the 3-Hilbert class field of F .
From (v), the ambiguous class number formula implies Cℓ K + = 1 (Lemma 2.2). Starting from a p-ramified cubic cyclic extension K + /k + , the associated Kummer extension K/k is defined by
for an ideal a of k, and α s+1 ∈ k ×3 where s ∈ Gal(K/K + ) is the complex conjugation (usual decomposition criterion of a Kummer extension over a subfield).
If the 3-rank of the 3-class group Cℓ − k ≃ Cℓ k − is r − , the 3-rank of the Galois group of the maximal Abelian 3-ramified 3-extension of k + is r − + 1 when 3 does not split in k (see [Gr1] , Proposition III.4.2.2 for the general statement). From (iv), necessarily r − ≥ 1. Here we suppose #Cℓ k − = 3, hence r − + 1 = 2 (this is also equivalent to the non-nullity of the 3-torsion subgroup T 3 , of the above Galois group, whose order is in our context #T 3 ∼ log 3 (ε)/ √ 3.d where ε is the fundamental unit of k + , see [Gr1] , Remark III.2.6.5 (i)). We shall precise the choice of the extension K + /k + (i.e., α) as follows:
Let α in k − be such that (α) = a 3 (a must be a non-principal ideal since E k − is trivial); this defines a canonical cubic cyclic extension K + of k + and the numbers α j, α j 2 define the two other cubic cyclic extensions K
Proof. (i) Using the Chevalley's formula in K + /k + (see e.g. [Gr1] , Lemma II.6.1.2) with a trivial 3-class group for k + , the formula reduces to
since the product of ramification indices is equal to 3 (Cℓ H k = 1 implies that K + /k + is necessarily totally ramified at the single prime above 3 of k + ).
The same formula in K/k is #Cℓ
where ε is the fundamental unit of k + ; but, as for K + /k + , there is by assumption a single place of k ramified in K/k, thus, using the product formula, the Hasse norm theorem shows that all these units are local norms everywhere hence global norms. So #Cℓ
We have a first example with d = 211 ≡ 1 (mod 3) and
where (α) = p 3 5 for a non-principal prime ideal dividing 5 in k − .
The class number of k + is 1 and that of k − is 3, which is coherent with the fact that the fundamental unit ε = 440772247 + 17519124
So all the five conditions (i) to (v) are fulfilled. The PARI program (see Section 5) gives in "component(H, 5)" the class number and the structure of the whole class group of K; the program needs an irreducible polynomial defining K; it is given by "P = polcompositum(x 2 + x + 1, Q)" where Q = x 6 − 17 x 3 + 5 3 is the irreducible polynomial of
; one obtains:
2.3. Conclusion. The program gives Cℓ K ≃ Z/9 Z×Z/3 Z for a class number equal to 27. This yields the 3-rank R − = 2 of Cℓ − K when the 3-rank r − of Cℓ − k is equal to 1, which is incompatible with the formula
But, this "Riemann-Hurwitz formula" is valid if and only if Cℓ K = Cℓ G K ≃ Z/3 Z (no exceptional 3-classes). Such a case is also very frequent (see § 5.1).
Some structural results
Denote by M a finite Z p [Γ]-module, where we assume that Γ is an Abelian Galois group of the form G × g, where G = Gal(K/k) =: σ is cyclic of order p and g ≃ Gal(k/k 0 ) (of order prime to p), where k 0 is a suitable subfield of k (so that K = k K 0 with K 0 := K g ). The existence of g allows us to take isotypic components of M (as the ±-components when the fields are of CM-type). In our example, g = s , k 0 = k + and Gr3] , Proposition 4.1); in our case p = 3, Ω = σ 2 (σ − 1) 2 . We shall use:
For our purpose we shall have M = Cℓ − K (we refere to [Gr3] , Chap. IV, A, § 2). By class field theory, when K/k is totally ramified at the unique p | 3, the arithmetical norm N K/k : Cℓ
Another important fact for the structure of Cℓ K , in our particular context, is that the class of order 3 of k capitulates in K because the equality (α) = a 3 becomes (
This has the following tricky consequence:
Return to the general case M = Cℓ K for any prime p and suppose #M G = p. Put M i := {h ∈ M, h (σ−1) i = 1}, i ≥ 0, and let n be the least integer i such that Gr3] , Proposition 4.1 and Corollaire 4.3, assuming M ν = 1 and #(M i+1 /M i ) = p for all i < n, we obtain the following structure of Z-module:
So, in the case r − = 1, we have the Riemann-Hurwitz formula
This general isomorphism comes from the formula ([Gr2], Corollaire 2.8):
,
, and where
In our case there is a single ramified place p | 3 and the elements of Λ i , being norms of ideals, are everywhere local norms except perhaps at p; so (Λ i : 
In our numerical example with d = 211, we get necessarily a = b = 1, n = 3, giving the structure Z/9Z × Z/3Z.
For more structural results when M ν = 1, see [Gr3] , Chap. IV, § 2, Proposition 4.3 valid for any p ≥ 2. In our biquadratic case and p = 3, we obtain interesting structures for which a theoretical study should be improved. From the general PARI program we have obtained the following numerical examples:
(i) For d = 1759, for which #Cℓ k + = 1, Cℓ k − ≃ Z/27Z, and α = 37 + 20 √ −d of norm 89 3 , the structure is Cℓ
(ii) For d = 2047, for which #Cℓ k + = 1, Cℓ k − ≃ Z/9Z, and α = 332 + 11 √ −d of norm 71 3 , the structure is Cℓ 3 , the structure is Cℓ
Of course, we keep the same numerical assumptions about the 3-class groups of k + and k − (especially Cℓ k − ≃ Z/3Z), the non-splitting of 3 in k/Q, and the Kummer construction of the 3-ramified cubic cyclic extension K/k. Theorem 4.1. Under all the Hypothesis 2.1, we get
for some a ≥ 0. The case a = 0 is equivalent to
Proof. Let n ≥ 1 be the least integer such that
Let m, 1 ≤ m ≤ n; the structure of M m is given (as for M , see Section 3) by:
(ii) Case m = 2 e + 1.
With the previous notations we have, for the two cases:
Indeed, suppose that h = h In the case m = 2e, ω m ≡ 3 e (mod ν) giving in the algebra
, the relations A ≡ B ≡ 0 (mod 3 e ), hence h = 1. Since #M 2e = 3 2e , the elements h m and h m−1 are independent of order 3 e .
In the case m = 2e + 1, ω m ≡ 3 e ω (mod ν) and A − B ω ≡ 0 (mod 3 e ω), giving A = 3 e A ′ and B = 3 e B ′ , then
, which implies A ′ ≡ 0 (mod 3) hence the result in this case with h m of order 3 e+1 and h m−1 of order 3 e .
Suppose that the structure of M is M 2e ≃ Z/3 e Z × Z/3 e Z, e ≥ 1, and let F be the subfield of H K fixed by M 2(e−1) = M 3 ; so F is a cubic cyclic extension of KH k and Gal(F/K) ≃ Z/3Z × Z/3Z.
The 3-extension F/k is Galois: indeed, if σ is a generator of Gal(K/k), the action of σ on Gal(F/K) = Gal(H K /K)/M 3 is given, via the correspondence of class field theory, by the action of σ on h 2e := h 2e M 3 and on h 2e−1 := h 2e−1 M 3 . From
2e−1 , and σ acts on h 2e−1 by h
2e−1 ∈ M 3 and h σ 2e−1 = h 2e−1 , hence the result and the fact that F/H k is Galois. But a group of order p 2 (p prime) is Abelian and F/H k is the direct compositum of KH k and L such that L is the decomposition field at 3 giving a cyclic extension L/H k , unramified of degree 3. But we know (Lemma 2.2) that the 3-class group of H k is trivial (contradiction).
Remarks 4.2. (i) Since 3 is non-split in k/Q, the unique prime ideal P | 3 in K is principal: indeed, P 1+s = P 2 gives the square of the extension of P + | 3 in K + which is 3-principal (Lemma 2.2); so cℓ K (P) = 1. By class field theory, P splits completely in H K /K.
(ii) In the case n even for the above reasoning, an analog of the field F does not exist as Galois field over H k .
(iii) Note that the parameter a can probably take any value; we have for instance obtained the following example:
For d = 12058, for which #Cℓ k + = 2, Cℓ k − ≃ Z/3Z, and α = 989 + 26 √ −d of norm 209 3 , the structure is Cℓ
A polynomial defining K is:
For d = 86942, for which #Cℓ k + = 4, Cℓ k − ≃ Z/3Z, and α = 557 + 3 √ −d of norm 103 3 , the structure is Cℓ
In conclusion, the structure of Cℓ − K strongly depends on the hypothesis on the order of Cℓ − k and not only of its 3-rank.
Numerical results
We give explicit numerical computations of Cℓ K , for various biquadratics fields k satisfying the conditions (i) to (v) assumed in the Hypothesis 2.1.
The following PARI program gives in "component(H, 5)" the class number and the structure of the whole class group Cℓ K of K in the form
such that the class group is isomorphic to
For simplicity we compute an α being an integer without non-trivial rational divisor. So (α) is the cube of an ideal if and only if N k − /Q (α) ∈ Q ×3 . Then the irreducible polynomial defining K is given by P = polcompositum(
In all the examples, we recall that the 3-class group of k + is trivial, and that of k − is of order 3 exactely. Thus, the 3-class group of K + is trivial and Cℓ − K = Cℓ K ; moreover, Cℓ G K is of order 3. So the case n = 1 yields to a = 0, b = 1 (Cℓ K = Cℓ G K ), the case n = 3 yields to a = 1, b = 1, and so on.
; print("a = ", a); print("b = ", b); print("hm = ", hm, "h = ", h); print(P ); print("classgroup : ", F ); a = 10 3 ; b = 10 2 )))))))))}
The instruction "if(Mod(G, 3)==0 & Mod(G, 9)!=0" must be adapted to the relevant needed structure (3 a+1 , 3 a ).
We give below an extract of the numerical examples we have obtained; for a complete table, please see the Section 5 of:
https://www.researchgate.net/publication/286452614
, #Cℓ k + = 2 P = x 12 − 6 x 11 + 21 x 10 − 82 x 9 + 234 x 8 − 414 x 7 + 983 x 6 − 1788 x 5 − 393 x 4 − 506 x 3 + 5394 x 2 + 4620 x + 12100 classgroup : [12, [6, 2]] . . . 
